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In the paper a delay di�erential equation and a sequen
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� 1. Ââåäåíèå è ïðåäâàðèòåëüíàÿ èí�îðìàöèÿ

Äàííàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì ñòàòüè [1℄ è èññëåäîâàíèé ñâîéñòâ

ñèñòåì îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé âûñîêîé ðàçìåðíî-

ñòè (n≫ 1), èìåþùèõ ñëåäóþùèé âèä:

{

dx(t)

dt
= Anx(t) + F (t, x(t)),

x|t=0 = x0,
t > 0, (1.1)
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Ïîäîáíûå ñèñòåìû âîçíèêàþò â çàäà÷àõ èç îáëàñòè áèîëîãèè è õèìèè

(ñì., íàïðèìåð, [2�4℄ è èìåþùóþñÿ òàì ëèòåðàòóðó). Â ÷àñòíîñòè, òàêèå

ñèñòåìû âîçíèêàþò ïðè ìîäåëèðîâàíèè ìíîãîñòàäèéíîãî ñèíòåçà âåùå-

ñòâà [3℄, ïðè ýòîì n � êîëè÷åñòâî ñòàäèé, xj(t) � êîíöåíòðàöèÿ âåùåñòâà

íà j-é ñòàäèè, à τ > 0 � âðåìÿ ïðîòåêàíèÿ ïðîöåññà. Åñëè ÷èñëî ñòàäèé

n ≫ 1, òî âû÷èñëåíèå êîíå÷íîé êîíöåíòðàöèè xn(t) ñòàíîâèòñÿ ñëîæíîé

âû÷èñëèòåëüíîé ïðîáëåìîé. Âñòðå÷àþòñÿ ñèñòåìû ñ ðàçìåðíîñòÿìè ïî-

ðÿäêà n ∼ 1020 èëè 1030, ïðÿìîé ÷èñëåííûé ðàñ÷åò êîòîðûõ íà ÝÂÌ íå

ïðåäñòàâëÿåòñÿ âîçìîæíûì.

Ý��åêòèâíîå ðåøåíèå ýòîé çàäà÷è äëÿ ÷àñòíîãî ñëó÷àÿ áûëî ïîëó÷åíî

â 2002 ã. â ðåçóëüòàòå ñîòðóäíè÷åñòâà �.Â. Äåìèäåíêî, Â.À. Ëèõîøâàÿ è

Ñ.È. Ôàäååâà. Â.À. Ëèõîøâàåì áûëà âûäâèíóòà ãèïîòåçà î ñâÿçè ìåæäó

ðåøåíèÿìè èñõîäíîé ñèñòåìû (1.1) è ðåøåíèÿìè óðàâíåíèÿ ñ çàïàçäûâà-

þùèì àðãóìåíòîì:

dy(t)

dt
= −θy(t) + g(t, y(t− τ)),

à ÷èñëåííûå ðàñ÷åòû, ïðîâåäåííûå Ñ.È. Ôàäååâûì, ïîäòâåðæäàëè ýòó ãè-

ïîòåçó.

Ñòðîãîå ìàòåìàòè÷åñêîå äîêàçàòåëüñòâî ãèïîòåçû áûëî äàíî �.Â. Äå-

ìèäåíêî è èçëîæåíî â ïóáëèêàöèè [4℄. Ñ�îðìóëèðóåì îñíîâíîé ðåçóëüòàò

äëÿ ñèñòåìû (1.1). Ïóñòü �óíêöèÿ g(t, z) ∈ C(R
+

2 ) îãðàíè÷åíà è óäîâëå-

òâîðÿåò óñëîâèþ Ëèïøèöà ïî âòîðîìó àðãóìåíòó

|g(t, z1)− g(t, z2)| ≤ L|z1 − z2|, t ≥ 0, z1, z2 ∈ R.

�àññìîòðèì ïîñëåäîâàòåëüíîñòü çàäà÷ Êîøè äëÿ ñèñòåì âèäà (1.1) ñ íóëå-

âûìè íà÷àëüíûìè óñëîâèÿìè è îïðåäåëèì ïîñëåäîâàòåëüíîñòü �óíêöèé

{xnn(t)}, ñîñòîÿùóþ èç ïîñëåäíèõ êîìïîíåíò ðåøåíèé. Ñïðàâåäëèâà ñëåäó-

þùàÿ òåîðåìà.

Òåîðåìà (�.Â. Äåìèäåíêî). Ïîñëåäîâàòåëüíîñòü {xnn(t)} ðàâíîìåðíî
ñõîäèòñÿ íà ëþáîì îòðåçêå [0, T ], T > τ :

xnn(t) → y(t), n→ ∞.
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Ïðåäåëüíàÿ �óíêöèÿ y(t) ÿâëÿåòñÿ ðåøåíèåì íà÷àëüíîé çàäà÷è äëÿ óðàâ-

íåíèÿ ñ çàïàçäûâàþùèì àðãóìåíòîì























dy(t)

dt
= −θy(t) + g(t− τ, y(t− τ)), t > τ,

y(t) ≡ 0, 0 ≤ t ≤ τ,

y(τ + 0) = 0,

ïðè ýòîì

max
t∈[0,T ]

|xnn(t)− y(t)| ≤ c

n1/2
, n > n0.

Ýòà òåîðåìà ïîñëóæèëà îñíîâîé äëÿ äîêàçàòåëüñòâà ìíîæåñòâà ïðå-

äåëüíûõ òåîðåì (ñì., íàïðèìåð, [5�13℄). Îòìåòèì, ÷òî â ðàáîòå [13℄ äàí-

íàÿ òåîðåìà áûëà îáîáùåíà íà ñëó÷àé, êîãäà �óíêöèè g(t, z) íå ÿâëÿþòñÿ
îãðàíè÷åííûìè.

Â ñîîòâåòñòâèè ñî ñòàòüåé [1℄, ðàññìîòðèì ñåìåéñòâî çàäà÷ Êîøè







dxn(t)

dt
= Anx

n(t), t > 0,

xn|t=0 = x̂n,

(1.2)
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n+ 1,

ãäå a, b ∈ R � ïîñòîÿííûå è íà÷àëüíóþ çàäà÷ó äëÿ óðàâíåíèÿ ñ çàïàçäû-

âàíèåì















dy(t)

dt
= ay(t) + by(t− 1), t > 1,

y(t) = ϕ(t), t ∈ [0, 1],

y(1+) = ϕ(1),

(1.3)

ãäå ϕ ∈ C([0, 1]). Òàêæå ðàññìîòðèì óðàâíåíèÿ Ëÿïóíîâà äëÿ ñèñòåì èç

(1.2)

HnAn + A∗
nHn = −Fn, (1.4)

ãäå Hn = {hni,j}ni,j=1, Fn = F ∗
n = {fn

i,j}ni,j=1 > 0 � íåêîòîðàÿ ïîëîæèòåëüíî
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îïðåäåëåííàÿ ñèììåòðè÷íàÿ ìàòðèöà è êðàåâóþ çàäà÷ó
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∂h(x, y)

∂x
+
∂h(x, y)

∂y
= f(x, y), x, y ∈ (0, 1),

bh(0, y) + ah(1, y) +
∂h

∂y
(1, y) = f1(y), y ∈ [0, 1],

bh(x, 0) + ah(x, 1) +
∂h

∂x
(x, 1) = f2(x), x ∈ [0, 1],

2ah(1, 1) + b(h(0, 1) + h(1, 0)) = f3,

(1.5)

ãäå f, f1, f2 � íåêîòîðûå �óíêöèè, f3 ∈ R.

Â ñòàòüå [1℄ áûë èçó÷åí âîïðîñ î ñâÿçè îáëàñòåé àñèìïòîòè÷åñêîé óñòîé-

÷èâîñòè íóëåâîãî ðåøåíèÿ ñèñòåìû èç (1.2) è îáëàñòè àñèìïòîòè÷åñêîé

óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ óðàâíåíèÿ èç (1.3), à òàêæå èçó÷åíû ïðå-

äåëüíûå ñâîéñòâà ïîñëåäîâàòåëüíîñòè èíòåãðàëîâ Ëÿïóíîâà, îïðåäåëåí-

íûõ ñèñòåìàìè âèäà (1.4).

Â äàííîé ñòàòüå â ïàðàãðà�å 2 áóäåò èññëåäîâàíà àñèìïòîòèêà ïðîìå-

æóòî÷íûõ êîìïîíåíò ðåøåíèÿ çàäà÷è Êîøè (1.2) è ñõîäèìîñòü �óíêöèé

Ëÿïóíîâà äëÿ ñèñòåì èç (1.2). Â ïàðàãðà�å 3 áóäóò ïîëó÷åíû îöåíêè íà

ñêîðîñòü ñõîäèìîñòè ê íóëþ ðåøåíèé çàäà÷è (1.3) ïðè t → ∞, èñïîëüçóÿ

ïðåäåëüíûé �óíêöèîíàë Ëÿïóíîâà-Êðàñîâñêîãî äëÿ (1.3).

Áëàãîäàðíîñòü. Àâòîð âûðàæàåò ãëóáîêóþ áëàãîäàðíîñòü ñâîåìó íà-

ó÷íîìó ðóêîâîäèòåëþ ïðî�. �.Â. Äåìèäåíêî çà ïîñòàíîâêó çàäà÷è è âíè-

ìàíèå ê ðàáîòå.

� 2. Ñõîäèìîñòü ïðîìåæóòî÷íûõ êîìïîíåíò

Îáîçíà÷èì çà xn(t) = (xn1 (t), x
n
2 (t), . . . , x

n
n(t))

⊤
� ðåøåíèå çàäà÷è Êîøè

(1.2), x̂n = (x̂n1 , x̂
n
2 , . . . , x̂

n
n)

⊤
� íà÷àëüíûé âåêòîð èç çàäà÷è Êîøè (1.2).

Ñïðàâåäëèâà òåîðåìà

Òåîðåìà 2.1. Çà�èêñèðóåì T > 2 è ε ∈ (0, T − 2). Ñóùåñòâóåò ïîñëå-
äîâàòåëüíîñòü {x̂n} íà÷àëüíûõ âåêòîðîâ èç çàäà÷è Êîøè (1.2), òàêàÿ ÷òî

äëÿ ëþáîãî n

n
∑

k=1

|x̂nk | 6 C,

ãäå C � êîíñòàíòà, íå çàâèñÿùàÿ îò n è ïîñëåäîâàòåëüíîñòü {xnn(t)} ïî-

ñëåäíèõ êîìïîíåíò ðåøåíèÿ (1.2) ñõîäèòñÿ ðàâíîìåðíî ïî t ∈ [2+ε, T ] ïðè
n→ ∞ ê y(t):

xnn(t) ⇒ y(t), n→ ∞, t ∈ [2 + ε, T ],
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à òàêæå ñõîäèòñÿ â ïðîñòðàíñòâå L1 íà îòðåçêå [0, T ]:

‖xnn(t)− y(t), L1([0, T ])‖ → 0, n→ ∞,

ãäå y(t) � ðåøåíèå íà÷àëüíîé çàäà÷è (1.3).

Îñòàëüíûå êîìïîíåíòû ðåøåíèÿ çàäà÷è (1.2) áóäóò ñõîäèòüñÿ ê íóëþ.

Ñêîðîñòü ñõîäèìîñòè ê íóëþ îïðåäåëÿåòñÿ èç ñëåäóþùåé òåîðåìû.

Òåîðåìà 2.2. Çà�èêñèðóåì ïðîèçâîëüíûå α > 0 è T > 3 + 2α. Ïóñòü
ïîñëåäîâàòåëüíîñòü {x̂n+1} íà÷àëüíûõ âåêòîðîâ èç çàäà÷è Êîøè (1.2) âû-
áðàíà òàê, ÷òî

n
∑

k=1

|x̂n+1
k | 6 C,

ãäå C � êîíñòàíòà, íå çàâèñÿùàÿ îò n, à òàêæå

xn+1
n+1(t) ⇒ y(t), t ∈ [2 + α, T ],

‖xn+1
n+1(t)− y(t), L1([0, T ])‖ → 0, n→ ∞,

ãäå y(t) � ðåøåíèå íà÷àëüíîé çàäà÷è (1.3). Òîãäà ïðè n→ ∞

max

{∣

∣

∣

∣

nxn+1
k (t)− by

(

t− k − 1

n

)∣

∣

∣

∣

: t ∈ [3 + 2α, T ], k = 1, . . . , n

}

−→ 0.

Èç òåîðåìû ñëåäóåò, ÷òî �óíêöèè nxn+1
nβ (t) ðàâíîìåðíî ïî t ∈ [3+2α, T ]

àïïðîêñèìèðóþò �óíêöèþ z(t, β) = by(t− β), ãäå β ∈ [0, 1).

Äîêàçàòåëüñòâî. Ââåäåì ðÿä âñïîìîãàòåëüíûõ îáîçíà÷åíèé. Ïóñòü x(t),
y(t)� íåêîòîðûå íåïðåðûâíûå �óíêöèè íà t > 0. Îáîçíà÷èì çà (x∗y)θ(t)�
ñâåðòêó x(t)θ(t) è y(t)θ(t), ãäå θ(t) � �óíêöèÿ Õýâèñàéäà:

(x ∗ y)θ(t) =
t
∫

0

x(s)y(t− s)ds =

∞
∫

−∞

x(s)y(t− s)θ(s)θ(t− s)ds.

Çà ψk(t) îáîçíà÷èì ïñè-�óíêöèè � ðåøåíèÿ çàäà÷ Êîøè







































(

d

dt
+ n Id

)k

ψk(t) = 0, t > 0,

ψk(0) = 0,

ψ′
k(0) = 0,

. . .

ψ
(k−1)
k = 1.
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Íåòðóäíî óáåäèòüñÿ â òîì, ÷òî äëÿ ïñè-�óíêöèé âûïîëíåíû ñîîòíîøåíèÿ:

∀k > 2, ψk(t) = (ψk−1 ∗ ψ1)θ(t), (2.1)

∀k > 1, ψk(t) =
tk−1

(k − 1)!
e−nt.

Äëÿ óäîáñòâà çàïèñè îïóñòèì âåðõíèé èíäåêñ â çàïèñè ðåøåíèÿ xn+1
k (t)

çàäà÷è Êîøè (1.2). �àññìîòðèì äè��åðåíöèàëüíûå óðàâíåíèÿ (1.2) äëÿ

ðàçìåðíîñòè n+ 1:

xk(t) + nx′k(t) = nxk−1(t), k = 2, . . . , n.

Èíòåãðèðóÿ, ïîëó÷àåì

xk(t) = xk(0)e
−nt + n

t
∫

0

xk−1(s)e
−n(t−s)ds = xk(0)ψ1(t) + n(ψ1 ∗ xk−1)θ(t).

Ïðîäîëæàÿ ðàâåíñòâà è èñïîëüçóÿ (2.1), èìååì

xk(t) = xk(0)ψ1(t)+nxk−1(0)ψ2(t)+· · ·+nk−2x2(0)ψk−1(t)+n
k−1(ψk−1∗x1)θ(t).

(2.2)

Äëÿ ïåðâîé êîìïîíåíòû ðåøåíèÿ x1(t) ñïðàâåäëèâî

x1(t) + nx′1(t) = bxn+1(t),

x1(t) = x1(0)ψ1(t) + b(ψ1 ∗ xn+1)θ(t).

Áëàãîäàðÿ ýòîìó, óìíîæàÿ (2.2) íà n, ïîëó÷àåì

nxk(t) =
k
∑

j=1

njψj(t)xk+1−j(0) + bnk(ψk ∗ xn+1)θ(t), k = 1, . . . , n. (2.3)

Â äàëüíåéøèõ ðàññóæäåíèÿõ ìû áóäåì ÷àñòî ïîëüçîâàòüñÿ ñëåäóþùèì

ïðîñòûì óòâåðæäåíèåì

Ëåììà 2.3. Ïóñòü p(t) � ïîëèíîì ñòåïåíè m, γ > 0 � íåêîòîðîå

ïîëîæèòåëüíîå ÷èñëî. Òîãäà

∀t > 0, |p(t)|e−γt
6 Ce−

γ
2
t,

ãäå C � íåêîòîðàÿ êîíñòàíòà, çàâèñÿùàÿ îò γ,m è êîý��èöèåíòîâ p(t).

�àññìîòðèì íåñêîëüêî ñâîéñòâ �óíêöèé ψk(t), êîòîðûå äàëåå íàì ïî-

íàäîáÿòñÿ.
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Ëåììà 2.4. Äëÿ ëþáîãî δ > 0 ðàññìîòðèì ìíîæåñòâî

Dn
k (δ) = [0,+∞) \

(

k − 1

n
− δ,

k − 1

n
+ δ

)

.

Òîãäà

∀k = 1, . . . , n+ 1, ∀t ∈ Dn
k (δ), nkψk(t) 6 Ce−γn,

ãäå C, γ > 0 çàâèñÿò òîëüêî îò δ.

Äîêàçàòåëüñòâî. Âíà÷àëå ðàññìîòðèì ñëó÷àé k = 1. Òîãäà Dn
k (δ) = [δ,

+∞), à �óíêöèÿ nψ1(t) = ne−nt
óáûâàåò ïðè t > 0, ñëåäîâàòåëüíî,

nψ1(t) 6 ne−nδ
6 Ce−n δ

2 ,

ïî ëåììå 2.3.

Äëÿ óäîáñòâà çàïèñè îñòàâøèåñÿ ñëó÷àè ñ�îðìóëèðóåì ñëåäóþùèì îá-

ðàçîì:

∀k = 1, . . . , n, ∀t ∈ Dn
k+1(δ), nk+1ψk+1(t) 6 Ce−γn.

�àññìîòðèì îòäåëüíî äâà ñëó÷àÿ: 0 6 t 6 k
n
−δ è t > k

n
+δ. Ïóñòü t > k

n
+δ.

Âû÷èñëèì ïðîèçâîäíóþ �óíêöèè ψk+1(t):

ψk+1(t) =
tk

k!
e−nt,

ψ′
k+1(t) =

tk−1e−nt

k!
(−nt + k),

ñëåäîâàòåëüíî, ψk+1(t) âîçðàñòàåò ïðè t ∈ [0, k
n
] è óáûâàåò ïðè t > k

n
. Òàêèì

îáðàçîì, äëÿ ëþáûõ t > k
n
+ δ âûïîëíåíî

ψk+1(t) 6 ψk+1

(

k

n
+ δ

)

.

Îöåíèì nk+1ψk+1

(

k
n
+ δ
)

ïî �îðìóëå Ñòèðëèíãà:

nk+1ψk+1

(

k

n
+ δ

)

=

(

k
n
+ δ
)k

k!
nk+1e−n( k

n
+δ)

=

(

k
n
+ δ
)k

θk
√
2πk · kk

nk+1e−nδ
6

(

1 +
nδ

k

)k

ne−nδ
6 n (1 + δ)n e−nδ,

ãäå θk ∈ (1, e
1

12 ). Ïîñëåäíåå íåðàâåíñòâî ñïðàâåäëèâî, ïîñêîëüêó äëÿ ëþ-

áîãî α > 0 �óíêöèÿ g(x) =
(

1 + α
x

)x
âîçðàñòàåò ïî x, à òàêæå ïîòîìó ÷òî

k 6 n. Òàêèì îáðàçîì,

nk+1ψk+1

(

k

n
+ δ

)

6 n exp {n(ln(1 + δ)− δ)} = ne−γ(δ)n,
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ãäå γ(δ) = δ − ln(1 + δ). Îñòàåòñÿ ëèøü çàìåòèòü, ÷òî γ(δ) > 0 äëÿ ëþáûõ
δ > 0, è ïðèìåíèòü ëåììó 2.3.

Ïóñòü òåïåðü 0 6 t 6 k
n
− δ. Äàííûé ïðîìåæóòîê áóäåò íå ïóñò òîëüêî

ïðè δ 6 k
n
. Àíàëîãè÷íî ïðåäûäóùåìó, äëÿ ëþáûõ t ∈ [0, k

n
− δ] âûïîëíåíî

ψk+1(t) 6 ψk+1

(

k

n
− δ

)

.

Îöåíèì nk+1ψk+1

(

k
n
− δ
)

:

nk+1ψk+1

(

k

n
− δ

)

=

(

k
n
− δ
)k

k!
nk+1e−n( k

n
−δ)

6

(

1− nδ

k

)k

nenδ 6 n (1− δ)n enδ,

ïîñêîëüêó äëÿ ëþáîãî α > 0 �óíêöèÿ g(x) =
(

1− α
x

)x
âîçðàñòàåò ïðè

x > α, à ìû êàê ðàç ðàññìàòðèâàåì n > k > nδ. Òàêèì îáðàçîì,

nk+1ψk+1

(

k

n
− δ

)

6 n (1− δ)n enδ = n exp {n(δ + ln(1− δ))} = ne−µ(δ)n,

ãäå µ(δ) = −δ−ln(1−δ). Â ðàññìàòðèâàåìîì ñëó÷àå δ 6 k
n
6 1. Ïðè äàííûõ

δ �óíêöèÿ µ(δ) > 0. Îñòàåòñÿ òîëüêî ïðèìåíèòü ëåììó 2.3. Ó÷èòûâàÿ

ïîëó÷åííûå îöåíêè, ëåììà äîêàçàíà.

Ëåììà 2.5. Çà�èêñèðóåì α > 0. Òîãäà

1. Äëÿ ëþáûõ k > 1 âûïîëíåíî

+∞
∫

0

nkψk(s)ds = 1

2. Íà÷èíàÿ ñ íåêîòîðîãî N ïðè n > N äëÿ ëþáûõ k = 1, . . . , n+ 1, äëÿ
ëþáîãî t > 1 + α âûïîëíåíî

+∞
∫

t

nkψk(s)ds 6 Ce−γn,

ãäå N,C, γ � êîíñòàíòû, çàâèñÿùèå òîëüêî îò α.
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3. Èìååò ìåñòî ðàâíîìåðíàÿ ïî k = 1, . . . , n+1 è ïî t > 1+α ñõîäèìîñòü
ïðè n→ ∞ èíòåãðàëîâ

t
∫

0

nkψk(s)ds⇒ 1.

4. Çà�èêñèðóåì δ > 0 è T > 1 + α. Òîãäà èìååò ìåñòî ðàâíîìåðíàÿ ïî

k = 1, . . . , n+1 è ïî t ∈ [1 +α, T ] ñõîäèìîñòü ïðè n→ ∞ èíòåãðàëîâ

∫

Bn
k (δ)

nkψk(s)ds⇒ 1,

ãäå Bn
k (δ) = [0, t] ∩

[

k − 1

n
− δ,

k − 1

n
+ δ

]

.

Äîêàçàòåëüñòâî. Ïåðâîå ñâîéñòâî î÷åâèäíî, òðåòüå ÿâëÿåòñÿ ñëåäñòâè-

åì ïåðâîãî è âòîðîãî. ×åòâåðòîå ñâîéñòâî ÿâëÿåòñÿ ñëåäñòâèåì òðåòüåãî

ñâîéñòâà è ëåììû 2.4. Äîêàæåì âòîðîå ñâîéñòâî. �àññìîòðèì

+∞
∫

t

nkψk(s)ds =

+∞
∫

t

n
(ns)k−1

(k − 1)!
e−nsds.

ïðè m ∈ [1, n] è s > 1 + α > 1,

1 <
ns

m
,

(ns)m−1

(m− 1)!
<

(ns)m

m!
,

ñëåäîâàòåëüíî

+∞
∫

t

nkψk(s)ds 6

+∞
∫

1+α

n
(ns)n

n!
e−nsds 6

n√
2πn

+∞
∫

1+α

snen−snds

6
√
nen

+∞
∫

1+α

sne−s(n−1)e−sds.

Ôóíêöèÿ g(s) = sne−s(n−1)
âîçðàñòàåò ïðè s ∈ (0, n

n−1
) è óáûâàåò ïðè s >

n
n−1

. Ïîñêîëüêó

n
n−1

→ 1 ïðè n→ ∞, òî íà÷èíàÿ ñ íåêîòîðîãî n > N áóäåò
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âûïîëíåíî

n
n−1

< 1 + α, ñëåäîâàòåëüíî ïðè òàêèõ n �óíêöèÿ g(s) áóäåò
óáûâàòü ïðè s > 1 + α. Òàêèì îáðàçîì, íà÷èíàÿ ñ n > N ,

+∞
∫

t

nkψk(s)ds 6
√
nen

+∞
∫

1+α

sne−s(n−1)e−sds

6
√
nen(1 + α)ne−(1+α)(n−1)

+∞
∫

1+α

e−sds =
√
n
(

e(1 + α)e−1−α
)n
.

Ïðè α > 0 �óíêöèÿ g(α) = e(1 + α)e−1−α < 1. Èñïîëüçóÿ ëåììó 2.3,

çàâåðøàåì äîêàçàòåëüñòâî.

Âåðíåìñÿ ê äîêàçàòåëüñòâó òåîðåìû 2.2. Â óñëîâèè òåîðåìû t ∈ [3 +
2α, T ]. Ó÷èòûâàÿ ïîëó÷åííûå îöåíêè è óñëîâèå òåîðåìû, èìååì

∣

∣

∣

∣

∣

k
∑

j=1

njψj(t)xk+1−j(0)

∣

∣

∣

∣

∣

6 max
j=1,...,n

|njψj(t)| ·
k
∑

j=1

|xj(0)| 6 Ce−γn, ∀t > 1 + α,

(2.4)

ãäå C, γ íå çàâèñÿò îò n. Òàêèì îáðàçîì, ó÷èòûâàÿ ðàâåíñòâî (2.3), íà

ðàâíîìåðíóþ ñõîäèìîñòü nxk(t) âëèÿåò òîëüêî bn
k(ψk ∗ xn+1)θ(t).

Çà�èêñèðóåì ε > 0. Ïîñêîëüêó y(t) ðàâíîìåðíî íåïðåðûâíà íà t ∈
[0, T ], òî íàéäåòñÿ òàêîå δ > 0, ÷òî

∀t1, t2 ∈ [0, T ] : |t1 − t2| < δ, |y(t1)− y(t2)| < ε. (2.5)

Ïðåäñòàâèì ñâåðòêó nk(ψk ∗ xn+1)θ(t) â âèäå

nk(ψk ∗ xn+1)θ(t) =

t
∫

0

nkψk(s)xn+1(t− s)ds

=

t
∫

0

nkψk(s)(xn+1(z)− y(z))|z=t−sds+

t
∫

0

nkψk(s)y(t− s)ds.

(2.6)

Îöåíèì ïåðâîå ñëàãàåìîå:

∣

∣

∣

∣

∣

∣

t
∫

0

nkψk(s)(xn+1(z)− y(z))|z=t−sds

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

t
∫

0

nkψk(t− s)(xn+1(s)− y(s))ds

∣

∣

∣

∣

∣

∣
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6

∣

∣

∣

∣

∣

∣

t
∫

2+α

nkψk(t− s)(xn+1(s)− y(s))ds

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

2+α
∫

0

nkψk(t− s)(xn+1(s)− y(s))ds

∣

∣

∣

∣

∣

∣

6 ‖xn+1 − y, C([2 + α, T ])‖

∣

∣

∣

∣

∣

∣

t
∫

2+α

nkψk(t− s)ds

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

t
∫

t−2−α

nkψk(s)(xn+1(z)− y(z))|z=t−sds

∣

∣

∣

∣

∣

∣

6 ‖xn+1 − y, C([2 + α, T ])‖+ Ce−γn‖xn+1 − y, L1([0, T ])‖.

Ïîñëåäíåå íåðàâåíñòâî ñïðàâåäëèâî, ïîñêîëüêó ïî óñëîâèþ òåîðåìû, t >

3 + 2α, ñëåäîâàòåëüíî t− 2− α > 1 + α, à çíà÷èò ïî ëåììå 2.4, âî âòîðîì

èíòåãðàëå nkψk(s) 6 Ce−γn
. Îòñþäà ÿñíî, ÷òî ïðè âûïîëíåíèè óñëîâèé

òåîðåìû 2.2 ïåðâîå ñëàãàåìîå â (2.6) ðàâíîìåðíî ñõîäèòñÿ ê íóëþ ïðè

n→ ∞.

Âòîðîå ñëàãàåìîå â (2.6) ìîæíî çàïèñàòü â âèäå

t
∫

0

nkψk(s)y(t− s)ds =

∫

An
k (δ)

nkψk(s)y(t− s)ds+

∫

Bn
k (δ)

nkψk(s)y(t− s)ds,

(2.7)

ãäå

An
k(δ) = [0, t] \

[

k − 1

n
− δ,

k − 1

n
+ δ

]

,

Bn
k (δ) = [0, t] ∩

[

k − 1

n
− δ,

k − 1

n
+ δ

]

.

Îöåíèì ïåðâîå ñëàãàåìîå â (2.7):

∣

∣

∣

∣

∣

∣

∣

∫

An
k (δ)

nkψk(s)y(t− s)ds

∣

∣

∣

∣

∣

∣

∣

6 ‖y, C([0, T ])‖
∫

An
k(δ)

nkψk(s)ds.

Ïî ëåììå 2.4, ïîëó÷àåì, ÷òî

∣

∣

∣

∣

∣

∣

∣

∫

An
k (δ)

nkψk(s)y(t− s)ds

∣

∣

∣

∣

∣

∣

∣

6 ‖y, C([0, T ])‖Ce−γnT,
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Ïðåäñòàâèì âòîðîå ñëàãàåìîå èç (2.7) â âèäå

∫

Bn
k (δ)

nkψk(s)y(t− s)ds =

∫

Bn
k (δ)

nkψk(s)

[

y(t− s)− y

(

t− k − 1

n

)]

ds

+y

(

t− k − 1

n

)
∫

Bn
k
(δ)

nkψk(s)ds.

(2.8)

Èç îïðåäåëåíèÿ Bn
k (δ) ñëåäóåò, ÷òî ïðè s ∈ Bn

k (δ),
∣

∣

∣

∣

t− s−
(

t− k − 1

n

)∣

∣

∣

∣

=

∣

∣

∣

∣

k − 1

n
− s

∣

∣

∣

∣

< δ,

ñëåäîâàòåëüíî, áëàãîäàðÿ (2.5),

∣

∣

∣

∣

∣

∣

∣

∫

Bn
k
(δ)

nkψk(s)

[

y(t− s)− y

(

t− k − 1

n

)]

ds

∣

∣

∣

∣

∣

∣

∣

6 ε

∫

Bn
k
(δ)

nkψk(s)ds 6 ε.

Ïðåäñòàâèì âòîðîå ñëàãàåìîå èç (2.8) â âèäå

y

(

t− k − 1

n

)
∫

Bn
k
(δ)

nkψk(s)ds

= y

(

t− k − 1

n

)

+ y

(

t− k − 1

n

)






1−

∫

Bn
k
(δ)

nkψk(s)ds






.

(2.9)

Îöåíèì âòîðîå ñëàãàåìîå â (2.9):

∣

∣

∣

∣

∣

∣

∣

y

(

t− k − 1

n

)






1−

∫

Bn
k
(δ)

nkψk(s)ds







∣

∣

∣

∣

∣

∣

∣

6 ‖y, C([0, T ])‖






1−

∫

Bn
k
(δ)

nkψk(s)ds






,

÷òî ðàâíîìåðíî ñõîäèòñÿ ê íóëþ ïðè n→ ∞ ïî ëåììå 2.5.

Òàêèì îáðàçîì, áëàãîäàðÿ ïîëó÷åííûì îöåíêàì, âûïîëíåíî

lim
n→∞

max

{∣

∣

∣

∣

nxn+1
k (t)− by

(

t− k − 1

n

)∣

∣

∣

∣

: t ∈ [3 + 2α, T ], k = 1, . . . , n

}

6 ε,

äëÿ ëþáîãî ε > 0, ÷òî çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû 2.2.
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Òåîðåìà 2.2 ïîçâîëÿåò èçó÷èòü âîïðîñ î ñõîäèìîñòè �óíêöèé Ëÿïóíîâà

äëÿ ñèñòåì óðàâíåíèé èç (1.2).

Ñëåäñòâèå 2.5.1. Çà�èêñèðóåì α > 0 è T > 3 + 2α. Ïóñòü

1. (a, b) ∈ Ω, ãäå Ω � îáëàñòü àñèìïòîòè÷åñêîé óñòîé÷èâîñòè óðàâíåíèÿ

ñ çàïàçäûâàíèåì èç (1.3),

2. y(t) � ðåøåíèå íà÷àëüíîé çàäà÷è (1.3),

3. xn+1
1 (t), . . . , xn+1

n+1(t) � ðåøåíèå çàäà÷è Êîøè (1.2) ñ íà÷àëüíûì âåê-

òîðîì x̂n+1
, ïðè÷åì ïîñëåäîâàòåëüíîñòü {x̂n+1} íà÷àëüíûõ âåêòîðîâ

âûáðàíà òàê, ÷òî

n
∑

k=1

|x̂n+1
k | 6 C,

ãäå C � êîíñòàíòà, íå çàâèñÿùàÿ îò n, à òàêæå

xn+1
n+1(t) ⇒ y(t), t ∈ [2 + α, T ],

‖xn+1
n+1(t)− y(t), L1([0, T ])‖ → 0, n→ ∞,

4. {hn+1
i,j }n+1

i,j=1 � ðåøåíèå óðàâíåíèé Ëÿïóíîâà (1.4) ñ ìàòðèöàìè

(−Fn+1) � ïðîåêöèÿìè ïðàâûõ ÷àñòåé f êðàåâîé çàäà÷è (1.5) íà

ñåòêó

ωn =

{

(xi, yj)
∣

∣

∣
xi =

i

n
, yj =

j

n
, i, j = 0, . . . , n

}

,

5. Äëÿ

ψn = ξnAn+1 + A∗
n+1ξ

n, ξn = {ξni,j}n+1
i,j=1,

ξni,j = hn+1
i,j − h

(

i− 1

n
,
j − 1

n

)

,

ãäå h � íåïðåðûâíîå ðåøåíèå êðàåâîé çàäà÷è (1.5), âûïîëíåíî

max
i,j

|ψn
i,j| = o

(

1

lnn

)

.

Òîãäà äëÿ ëþáîãî t < T âûïîëíåíî

n+1
∑

i,j=1

hn+1
i,j xn+1

i (t)xn+1
j (t) −→ H [y](t), n→ ∞,
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ãäå

H [y](t) = h(0, 0)y2(t) + by(t)

1
∫

0

(h(1, z) + h(z, 1))y(t− z)dz

+b2
1
∫

0

1
∫

0

h(z1, z2)y(t− z1)y(t− z2)dz1dz2.

(2.10)

Äîêàçàòåëüñòâî. Îáîçíà÷èì

Mn = max

{∣

∣

∣

∣

nxn+1
k (t)− by

(

t− k − 1

n

)∣

∣

∣

∣

: t ∈ [3 + 2α, T ], k = 1, . . . , n

}

,

Nn = max
i,j=1,...,n+1

∣

∣

∣

∣

hn+1
i,j − h

(

i− 1

n
,
j − 1

n

)∣

∣

∣

∣

.

Èç óñëîâèé òåîðåìû è [1℄,

lim
n→∞

Mn = 0, lim
n→∞

Nn = 0. (2.11)

Äëÿ óäîáñòâà äàëåå îïóñòèì âåðõíèå èíäåêñû hn+1
i,j è xn+1

k . Òîãäà

n+1
∑

i,j=1

hi,jxi(t)xj(t) = hn+1,n+1x
2
n+1(t)

+xn+1(t)

(

n
∑

i=1

hi,n+1xi(t) +
n
∑

j=1

hn+1,jxj(t)

)

+
∑

i,j 6=n+1

hi,jxi(t)xj(t) = J1 + J2 + J3.

Èç óñëîâèÿ òåîðåìû è (2.11), ïîëó÷àåì, ÷òî

J1 −→ h(0, 0)y2(t), n→ ∞.

�àññìîòðèì ïåðâóþ ñóììó â J2, äëÿ âòîðîé ðàññóæäåíèÿ àíàëîãè÷íû:

n
∑

i=1

hi,n+1xi(t) =
1

n

n
∑

i=1

hi,n+1 · nxi(t)

=
b

n

n
∑

i=1

hi,n+1y

(

t− i− 1

n

)

+
1

n

n
∑

i=1

hi,n+1

[

nxi(t)− by

(

t− i− 1

n

)]

.

(2.12)
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Ïîñêîëüêó h íåïðåðûâíà íà [0, 1]2 è âûïîëíåíî (2.11), òî íàéäåòñÿ òàêàÿ

êîíñòàíòà C1, íå çàâèñÿùàÿ îò n, i, j, ÷òî

max
i,j

|hi,j| 6 C1.

Òîãäà âòîðîå ñëàãàåìîå èç (2.12) îöåíèâàåòñÿ êàê

∣

∣

∣

∣

∣

1

n

n
∑

i=1

hi,n+1

[

nxi(t)− by

(

t− i− 1

n

)]

∣

∣

∣

∣

∣

6 C1Mn.

Ïåðâîå ñëàãàåìîå èç (2.12) ìîæíî ïðåäñòàâèòü â âèäå

b

n

n
∑

i=1

hi,n+1y

(

t− i− 1

n

)

=
b

n

n
∑

i=1

h

(

i− 1

n
, 1

)

y

(

t− i− 1

n

)

+
b

n

n
∑

i=1

[

hi,n+1 − h

(

i− 1

n
, 1

)]

y

(

t− i− 1

n

)

.

(2.13)

Ïîñêîëüêó y(t) îãðàíè÷åíà íà t ∈ [0, T ], âòîðîå ñëàãàåìîå èç (2.13) ìîæíî
îöåíèòü êàê

∣

∣

∣

∣

∣

b

n

n
∑

i=1

[

hi,n+1 − h

(

i− 1

n
, 1

)]

y

(

t− i− 1

n

)

∣

∣

∣

∣

∣

6 C2Nn.

Ïðè ýòîì, ïåðâîå ñëàãàåìîå èç (2.13) ñõîäèòñÿ ê èíòåãðàëó �èìàíà, ïî-

ñêîëüêó h è y íåïðåðûâíû:

b

n

n
∑

i=1

h

(

i− 1

n
, 1

)

y

(

t− i− 1

n

)

−→ b

1
∫

0

h(z, 1)y(t− z)dz, n→ ∞.

Òàêèì îáðàçîì,

J2 −→ by(t)

1
∫

0

(h(1, z) + h(z, 1))y(t− z)dz, n→ ∞.

Àíàëîãè÷íî ïîëó÷àåì, ÷òî

J3 −→ b2
1
∫

0

1
∫

0

h(z1, z2)y(t− z1)y(t− z2)dz1dz2, n→ ∞,

÷òî çàâåðøàåò äîêàçàòåëüñòâî.
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Ôóíêöèîíàë (2.10) ÿâëÿåòñÿ �óíêöèîíàëîì Ëÿïóíîâà-Êðàñîâñêîãî äëÿ

óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì [14�16℄.

� 3. Îöåíêà ñêîðîñòè ñõîäèìîñòè ê íóëþ ðåøåíèÿ

íà÷àëüíîé çàäà÷è ñ çàïàçäûâàíèåì

Äëÿ ñèñòåì îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé ñóùåñòâóåò

ñïîñîá îöåíèòü ñêîðîñòü ñõîäèìîñòè ðåøåíèé ê íóëþ â îáëàñòè àñèìïòî-

òè÷åñêîé óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ, èñïîëüçóÿ �óíêöèîíàëû Ëÿïó-

íîâà. Ïîêàæåì, ÷òî îöåíêó òàêæå ìîæíî ïîëó÷èòü è äëÿ óðàâíåíèé ñ çà-

ïàçäûâàíèåì, èñïîëüçóÿ �óíêöèîíàëû Ëÿïóíîâà-Êðàñîâñêîãî. Îòìåòèì,

÷òî àíàëîãè÷íûé ðåçóëüòàò òàêæå áûë ïîëó÷åí â ðàáîòå [16℄.

Äàëåå ðàññìàòðèâàåì (a, b) ∈ Ω, Fn = En, ãäå En � åäèíè÷íàÿ ìàòðèöà

ðàçìåðà n × n. Èç [1℄ ñëåäóåò, ÷òî â ýòîì ñëó÷àå ñëåäñòâèå 2.5.1 áóäåò

âûïîëíåíî, ïðè÷åì

h(x, y) = f(|x− y|), x, y ∈ [0, 1], (3.1)

ãäå �óíêöèÿ f îïðåäåëåíà ñ ïîìîùüþ

f(t) =















beα(t+1) + (α− a)e−αt

2α(α− a− be−α)
, |a| 6= |b|, α− a− be−α 6= 0,

− t

2
− 1− a

4a
, a = b 6= 0.

(3.2)

Âíà÷àëå äîêàæåì îöåíêó ñâåðõó íà �óíêöèîíàë Ëÿïóíîâà-Êðàñîâñêîãî.

Ëåììà 3.1. Ïóñòü (a, b) ∈ Ω, y(t) � ðåøåíèå (1.3), H [y] � �óíêöèîíàë

Ëÿïóíîâà-Êðàñîâñêîãî, îïðåäåëåííûé ÷åðåç (2.10), (3.1), (3.2). Òîãäà ïðè

t > 1 ñïðàâåäëèâà îöåíêà

H [y](t) 6 Ce−αt,

ãäå C, α > 0 � êîíñòàíòû, íå çàâèñÿùèå îò t.

Äîêàçàòåëüñòâî. Îöåíèì H [y](t). Íåñëîæíî óáåäèòüñÿ â òîì, ÷òî

d

dt
H [y](t) = −y2(t).

Îáîçíà÷èì

M = max
(x,y)∈[0,1]2

h(x, y) <∞.
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Òîãäà

|H [y](t)| 6M |y(t)|2 + 2M |b| · |y(t)|
1
∫

0

|y(t− z)|dz

+M |b|2
1
∫

0

1
∫

0

|y(t− z1)||y(t− z2)|dz1dz2,

|H [y](t)| 6M



|y(t)|+ |b|
t
∫

t−1

|y(s)|ds





2

6 2M



|y(t)|2 + |b|2
t
∫

t−1

|y(s)|2ds



 .

Ââåäåì âñïîìîãàòåëüíûé �óíêöèîíàë

J [y](t) = 2H [y](t) +

t
∫

t−1

(s− (t− 1))y2(s)ds. (3.3)

Òîãäà äëÿ íåãî âûïîëíåíà îöåíêà

|J [y](t)| 6 4M |y(t)|2 +
(

4M |b|2 + 1
)

t
∫

t−1

|y(s)|2ds

6 C



|y(t)|2 +
t
∫

t−1

|y(s)|2ds



 ,

ãäå C = max{4M, 4M |b|2 + 1}. Ïðè ýòîì,

d

dt
J [y](t) = −y2(t)−

t
∫

t−1

y2(s)ds.

Òàêèì îáðàçîì, âûïîëíåíî äè��åðåíöèàëüíîå íåðàâåíñòâî

d

dt
J [y](t) 6 − 1

C
· J [y](t),

èç êîòîðîãî ñëåäóåò, ÷òî

J [y](t) 6M1e
−αt,

ãäå

M1 = J [y](1)eα, α =
1

max{4M, 4M |b|2 + 1} .
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Ó÷èòûâàÿ (3.3), ïîëó÷àåì

H [y](t) 6
M1

2
e−αt.

Ëåììà 3.2. Ïóñòü (a, b) ∈ Ω, y(t) � ðåøåíèå (1.3), H [y] � �óíêöèîíàë

Ëÿïóíîâà-Êðàñîâñêîãî, îïðåäåëåííûé ÷åðåç (2.10), (3.1), (3.2). Òîãäà äëÿ

ðåøåíèé ñèñòåìû (1.3) ïðè t > 1 ñïðàâåäëèâà îöåíêà

|y(t)|3 6 CH [y](t),

ãäå C � êîíñòàíòà, íå çàâèñÿùàÿ îò t.

Äîêàçàòåëüñòâî. Ïðè (a, b) ∈ Ω, ðåøåíèÿ y(t) ñõîäÿòñÿ ê íóëþ, à çíà-

÷èò îãðàíè÷åíû:

sup
s>0

|y(t)| <∞.

Èç (1.3) ïîëó÷àåì

d

dt
|y(t)|3 > −3y2(t)(|a||y(t)|+ |b||y(t− 1)|) > −Cy2(t),

ãäå C = 3(|a|+|b|) sup
s>0

|y(t)|. Èíòåãðèðóÿ ýòî íåðàâåíñòâî, ñ ó÷åòîì d
dt
H [y](t)

= −y2(t), èìååì

|y(t)|3 6 C

+∞
∫

t

y2(s)ds = CH [y](t).

Ó÷èòûâàÿ äâå ïðåäûäóùèå ëåììû, ïîëó÷àåì îöåíêó íà ñêîðîñòü ñõî-

äèìîñòè ê íóëþ ðåøåíèé y(t).

Òåîðåìà 3.3. Ïóñòü (a, b) ∈ Ω, y(t)� ðåøåíèå (1.3),H [y]��óíêöèîíàë

Ëÿïóíîâà-Êðàñîâñêîãî, îïðåäåëåííûé ÷åðåç (2.10), (3.1), (3.2). Òîãäà ïðè

t > 1 âûïîëíåíî

|y(t)| 6 Ce−αt,

ãäå

C = max
{

C1

(

||ϕ||C[0,1]

)
1

3 , C
3

2

1

}

, C1 =

(

3(|a|+ |b|)J [ϕ](1)eα
2

)
1

3

,
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J [ϕ](t) = 2H [ϕ](t) +

t
∫

t−1

(s− (t− 1))ϕ2(s)ds,

α =
1

3max{4M, 4M |b|2 + 1} , M = max
(x,y)∈[0,1]2

h(x, y).

Äîêàçàòåëüñòâî. Èç äîêàçàòåëüñòâ ëåìì 3.1 è 3.2 ïðè t > 1 èìååì

|y(t)| 6
(

3(|a|+ |b|) sup
s>0

|y(s)| ·H [y](t)

)
1

3

6 C1

(

sup
s>0

|y(s)|
)

1

3

e−αt,

ãäå

C1 =

(

3(|a|+ |b|)J [ϕ](1)eα
2

)
1

3

,

α =
1

3max{4M, 4M |b|2 + 1} , M = max
(x,y)∈[0,1]2

h(x, y).

�àçáåðåì äâà ñëó÷àÿ. Åñëè sup
s>0

|y(s)| 6 sup
s∈[0,1]

|y(s)| = ||ϕ||C[0,1], òî

|y(t)| 6 C1

(

||ϕ||C[0,1]

)
1

3 e−αt.

Åñëè sup
s>0

|y(s)| > sup
s∈[0,1]

|y(s)| > 0, òî

|y(t)|eαt 6 C1

(

sup
s>1

|y(s)|
)

1

3

,

sup
s>1

|y(s)|eαs 6 C1

(

sup
s>1

|y(s)|eαs
)

1

3

,

(

sup
s>1

|y(s)|eαs
)

2

3

6 C1.

Ñëåäîâàòåëüíî, äëÿ ëþáûõ t > 1 âûïîëíåíî

|y(t)| 6 C
3

2

1 e
−αt.

Ó÷èòûâàÿ îáà ñëó÷àÿ, òåîðåìà äîêàçàíà.
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� 4. Çàêëþ÷åíèå

Áûëî ïîêàçàíî, ÷òî �óíêöèîíàëû Ëÿïóíîâà äëÿ ñèñòåì èç (1.2) ñõî-

äÿòñÿ ê �óíêöèîíàëàì Ëÿïóíîâà-Êðàñîâñêîãî äëÿ óðàâíåíèé ñ çàïàçäûâà-

íèåì èç (1.3). Ïî àíàëîãèè ñ îáûêíîâåííûìè äè��åðåíöèàëüíûìè óðàâ-

íåíèÿìè, áûëè ïîëó÷åíû îöåíêè íà ñêîðîñòü ñõîäèìîñòè ê íóëþ ðåøå-

íèé íà÷àëüíîé çàäà÷è (1.3) ñ èñïîëüçîâàíèåì �óíêöèîíàëîâ Ëÿïóíîâà-

Êðàñîâñêîãî.

Ýòî îáñòîÿòåëüñòâî äîïîëíÿåò ðåçóëüòàò [1℄ è ìîæåò ñâèäåòåëüñòâîâàòü

î âîçìîæíîñòè ïîëó÷åíèÿ êà÷åñòâåííûõ ñâîéñòâ ðåøåíèé óðàâíåíèé ñ çà-

ïàçäûâàþùèì àðãóìåíòîì ñ ïîìîùüþ ñèñòåì äè��åðåíöèàëüíûõ óðàâíå-

íèé áîëüøîé ðàçìåðíîñòè.
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